The use of variable pitch cutter is a known means to increase the stable limit depth of cut by disrupting the regenerative effect. In this paper, an improved semidiscretization algorithm is presented to predict the stability lobes for variable pitch cutters. Modeling efforts develop a straightforward analytical integral force model that can cover any case of piecewise continuous cutting regions regarding the helix angle. The proposed approach has been verified with the comparisons with prior works, time domain simulations, and cutting tests. In addition, the method is also applied to examine the effect of the tool geometries on the stability trends for variable pitch milling. Some new phenomena for certain combinations of parameters are shown and explained.
Introduction
Machine tool chatter is a self-excited vibration between the cutting tool and the work piece that would affect adversely both the surface finish and the dimensional accuracy of the workpiece and limit the efficiency of many machining operations. Furthermore, it promotes tool wear and may cause tool fracture and damage to the machine tool itself. In order to avoid chatter in machining, optimisation of machining conditions based on modelling and simulation of chatter is needed.
Generally, the chatter was usually analyzed and modeled in the frequency domain or in the time domain. The approach used to obtain the stability lobe diagram (SLD) is the most established method for predicting and preventing regenerative chatter. In the 1990s, Altintas and Budak [1] developed a stability method, known as the zeroth-order approximation (ZOA) method, by using the frequency domain and averaging the time-varying periodic coefficients of the derived delay differential equations (DDEs). However, this method cannot accurately predict the stability lobes at low radial immersion milling. To improve this case, a multifrequency solution was suggested to predict the stability by Merdol and Altintas [2] . Later, Insperger and Stépán [3] [4] [5] proposed the semidiscretization (SD) method, which is based on the discretization of the DDEs and approximates their infinite dimensional phase space by a finite discrete map in time domain. Bayly et al. [6] proposed a temporal finite-element analysis for solving the DDEs written in the form of a state space model and show good computational efficiency in low radial immersion. More recently, Ding et al. [7] proposed the full-discretization method (FDM) based on the direct integration scheme and verified that this method has high computational efficiency without loss of any numerical precision.
Meanwhile, a number of different strategies have been used to increase the stability of the machining system. Alternative methods focus on disrupting the regenerative effect to enlarge the stable zone of the SLD by expanding the stability frontier. For milling problems, the mechanism of regenerative chatter can be broken by using milling cutters with variable pitch. In case of variable pitch cutters, the phase between two waves is not constant for all teeth, thus disturbing the regeneration mechanism. Such disturbance reduces the modulation in chip thickness and slows down vibrations, which consequently increasing the stability of cutting. The effectiveness of variable pitch cutters in suppressing chatter vibrations during milling was first demonstrated by Slavicek [8] . He used a rectilinear tool motion for the cutting teeth and applied the orthogonal stability theory for irregular tooth pitch. By assuming an alternating pitch variation, he obtained a stability limit expression as a function of the variation in the pitch. Altintas et al. [9] adapted the analytical milling stability model to the case of variable pitch cutters, which can be used to analyze the stability with variable pitch cutters. For a given process and a desired spindle speed they optimized the tooth pitch by plotting the axial depth of cut as a function of the first and second pitch angle, which led to a stabilization of the process. Budak [10, 11] used a similar method for designing the variable pitch to maximize the stability limit. Note that the pervious analytical method is only suitable for variable pitch tools at high radial immersion. Recently, Sims et al. [12] investigated the stability of variable pitch and variable helix end mills by using adapted and timeaveraged version of the SD method. Wan et al. [13] developed a unified method for predicting the stability lobes of milling process with multiple delays that arise from cutter run out or variable uniform pitched angle based on an updated version of the SD method. Sellmeier and Denkena [14] combined Ackermann's method to control systems with delay with the method of the piecewise constant subsystems to investigate the stability of an unequally pitched end mill. Later, based on the model in [12] , Yusoff and Sims [15] optimized variable helix tools combining SD method with differential evolution. However, the methodology presented in [12, 13] required discretization along the helical flutes to estimate the cutting forces, the calculation of the cutting force using axial slices will achieve less accuracy than integral relationships along the edge of cutter unless the number of axial slices is unrealistic to go to infinity. Dombovari and Stepan [16] recently introduced a general SDM-based mechanical model to predict the linear stability of special cutters with optional continuous variation of the helix angle. This model is suitable for considering the weight distribution of system regeneration. The shape of the weight distribution function was presented and discussed for nonuniform and harmonically varied helix angle cases. To the authors' knowledge, beside the works in [16] , there is a little work done to detect the effect of the tool geometries on stability trend. With this issue in mind, an alternative approach to detect chatter for variable pitch milling is presented based on a straightforward model which captured cutting force through integral relationship. More specifically, the goal is to investigate the stability trend caused by tool geometries. The structure of this paper is organized as follows. In Section 2, a straightforward analytical force model is described. In Section 3, an updated SD method is utilized to obtain the chatter-free lobes. In Section 4, a series of experimental tests for validation are introduced. In the final section, the investigation of the influence of tool geometry on chatter stability is described.
Mathematical Model
The dynamic model of 2 DOF milling process considered here is shown in Figure 1 . A cutter with radius and unequally spaced teeth rotating at a constant velocity Ω (rad/sec) is assumed to have flexibility in two orthogonal directions ( , ). The mathematical equation of this system is given by
where the vector u( ) contains the displacement of the tool tip in the and directions and the matrices M, C, and K are the modal mass, damping, and stiffness matrices, respectively. Given the helix of the tool, the cutting force can be written as
where is the axial depth of cut and ( , ) and ( , ) are the differential force corresponding to an infinitesimal element thickness ( ) of the th tooth in the and directions, which can be, respectively, expressed as
The angular position of the th tooth is defined by where is the helix angle and represents the pitch angle between teeth ( , − 1) (Figure 2 ). The tangential and radial differential cutting force components can be expressed as
where and are the respective linearized cutting coefficients along the tangential and radial directions of the tool.
( ( , )) denotes whether the th tooth is cutting. This function is given by
where st and ex are the start and exit angles of the th cutter tooth, respectively. The dynamic chip thickness can be expressed as
where ( ) is the pitch period corresponding to the pitch angle shown as in Figure 2 (c).
Substituting (3), (5), (6), and (7) into (2) and considering = − / tan from (3), the resulting expressions can be yield as
where = sin , and = cos .
According to [17, 18] , F( ) is piecewise continuous in an entry, middle-of-cut, and exit region, as shown in Figures 3(a) and 3(b). Based on (8), this feature is simultaneously controlled by ( , 0), ( , ) and ( ). As shown in the bottom graphs of Figure 3 , if denoting the intervals A = ( ( , 0), ( , )), and B = ( st , ex ), the intersection of A and B is the integral interval for the current cutting region. Let such intersection be C = ( ( ), ( )), such that
Note that (9) is effective only if cutting occurs. Thus, the introducing function ( ( )) ( ( ) = ( , 0)), which determines whether the tooth is in contact with workpiece, can be defined as
Substituting (9) and (10) into (8) yields where K ( ) expresses the matrix of the directional cutting force coefficients and can be written as
The typical characteristics of the proposed model of cutting force can be listed as follows.
(1) Since the cutting force is captured along the flute in the direction of rotation, it is no longer dependent on instantaneous axial depth of cut anymore, but the rotation angle of the flute at the tool tip.
(2) Compared with the prior cutting force models which consider the piecewise continuity throughout three regions of cutting (e.g., the work of Patel et al. [17] ), Mathematical Problems in Engineering 5 (11) presents a unified cutting force expression suitable for any possible cutting regions. Therefore, the cutting force calculation following different regions is unnecessary, thus benefiting the application and programming.
(3) The cutting force model can also be applied to uniform pitch cutter milling.
Combining (11) with (1), the governing equation of milling process for variable pith cutters considered the helix angle can be obtained. In the following section, methods are proposed to solve such equation to determine the stability lobes.
Stability Analysis
The periodic milling dynamics with time varying, selfexcitation, and delay terms expressed in (1) are organized by using Cauchy transformation and are rewritten aṡ
where
The nonlinear problem has been transformed to a linear problem. Noted that for linear damped system with single delay, the SD method proposed by Insperger and Stépán [3] [4] [5] can solve it well to determine the stability limits. However, given the appearance of more than one system delay attributed to the unequally spaced pitch for variable pitch cutter, the method is no longer suitable for present systems. For this reason, a new algorithm based on the SD method is proposed to deal with this problem directly.
Firstly, note that certain variables for variable pitch cutters are periodic with each tool revolution, which is in contrast to regular tools that are usually considered as periodic with each tooth pass. Thus, the cutter spindle rotation period is divided into number of discrete time intervals. Introduce symbol [ , +1 ] to represent the th time interval. Here, means the th time node. Then, the length Δ of the interval [ , +1 ] can be calculated by
The number of intervals related to the delay item can be approximately obtained by
where int( * ) indicates the operation that rounds positive number towards zero. Then, in [ , +1 ], (13) can be approximated asU
where U − means U( − ). , and , are the weighted factors that are used to relate U( − ) with the state values at the two extreme node of the delayed interval
For the initial value U( ) = U , the solution to (13) can be formulated as
The substitution of = +1 and U , ≈ , U − +1 + , U − into (19) leads to
where the associated matrices are given by
Here, I denotes the identity matrix. Let 
Combing (20) and (22), one can be recast into a discrete map form as
where each Z matrix is given by
The horizontal position of the discrete input matrices M , , and M , , in (25) depends on the value of corresponding to and begins from the column of 4 − 3 and 4 + 1, respectively.
Based on (24) and (25), the following mathematical expressions can be established by coupling the solutions of the successive time intervals in period :
where Z −1 Z −2 ⋅ ⋅ ⋅ Z 1 Z 0 is the Floquet transition matrix that gives the connection between V and V 0 . The dynamic stability of the approximated system is evaluated in terms of the eigenvalues of the transition matrix Φ, which is given by
Note that the policy proposed by Insperger and Stépán [4] can be used to decrease the computational burden by cancelling the rows and columns with values of zero related to everẏ− anḋ− ( = 1, 2, . . . , ) . This cancellation will yield the (2 max + 4)-dimensional state vector
instead of the original (4 max + 4)-dimensional vector defined by (24). Correspondingly, the dimensional size of square matrix Φ and Z will also be (2 max + 4). For more detailed information, please see the works of Insperger and Stépán [4, 5] . Meanwhile, M , , and M , , will become 4 × 2 sized matrices and begin from the column of 2 + 1 and 2 + 3, respectively.
Model Verification

Comparison with Prior Works.
To illustrate the performance of the proposed approach on uniform and variable pitch milling tools, firstly, the works of Altintas and Budak [1] and Altintas et al. [9] are considered. In Figure 4 the results using the proposed approach are compared to Altintas' analytical method (zero order method), using the same parameter as the experimental work in [9] . It can be seen that the results of the proposed method agrees closely with those of analytical method for the uniform pitch cutter milling. The two methods obtain similar results for the unequally pitched end mill, except the spindle speed section from 8000 to 9000 rpm, in which the proposed approach obtains a higher stability chart. The unanimous conclusion was also gained from the work of Sellmeier and Denkena [14] . They checked the results of the point A and B in Figure 4 (b) with the time domain simulations and found that point A is stable and point B corresponds to chatter. Moreover, they highlighted that the prediction error can be attributed to the replacement of time-varying system matrices with time-averaged matrices. In the following, experiments are conducted to capture this behavior as well as the experimental validation of the proposed method.
Experimental Verification for Uniform and Variable Pitch
Cutter. Cutting tests were carried out on a DMC 75V linear five-axis high-speed machining center. The experimental setup is shown in Figure 5 . Two carbide end mills with = 12 mm, = 30 ∘ , and = 4 were used. Both tools feature the same geometry except the tooth pitch. The teeth of tool number I are equally spaced (P = . The end mill was mounted on an EPBMonobloc HSK-A63 tool holder. The workpiece material was a block of aluminum alloy 6061-T651 of size 120 × 100 × 70 (mm) clamped on the Kistler dynamometer 9257B, which was adopted to measure the cutting force and was confined to the worktable.
The cutting force coefficients were obtained through a set of slotting experiments at constant axial depth of cut and different feed rates by using tool I. The measured tangential and radial cut force coefficients are 835.4 and 244.5 Mpa, respectively. In addition, as known from the works of Powell [19] , the cutting force for a tool with variable pitch can be accurately predicted using the cutting force coefficients obtained from a regular tool. Thus, the same cutting force coefficients were used in the stability prediction for either uniform or variable pitch cutters.
The modal parameters at the tool tip were obtained through impact modal testing by using the commercial modal software LMS, and the result is listed in Table 1 .
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2000 3000 4000 5000 6000 7000 8000 9000 10000 One mode exited in the direction, whereas two modes exited in the direction. However, for the modes in the direction, only the second mode was considered in the proposed simulation method because of its higher flexibility relative to the first mode.
The stability predicted charts for tools I and II are shown in Figure 6 . The stability lobes predicted by the analytical methods are also plotted for comparison. As seen from Figure 6 , the stability lobes have a good consistency except for a deviation as shown in graph b of Figure 6 , which has been framed by a brown rectangle. Two cutting tests are carried out at Ω = 6000 rpm, = 3 mm (i.e., 25% radial immersion ratio), = 3 mm, and = 0.03 mm/tooth for down milling (shown as the marks A and B1 in top graphs of Figure 6 ). One is used the regular pitch cutter, and the stability chart indicates that the milling system would be unstable under this condition. The measured cutting force (graph A-3) and its Fourier spectrum (graph A-4) [20] also prove that chatter vibrations are severe and evident. The chatter occurs at a frequency of 1002.3 Hz, which is close to the frequency of the first mode in the direction and the second mode in the direction of the machine-tool structure. The vibration and cutting force obtained from time domain simulations gave further evidence of chatter as shown in graphs A-1 and A-2. However, when the test was carried out using tool II under the same cutting condition, the chatter vibration disappears (graphs from B1-1 to B1-4 of Figure 6 ). Note that the time domain simulation takes into account the helix angle of the cutter, the time varying character of the system, and teeth jumping out of contact. Next, the cutting condition B2 of Ω = 9100 rpm, = 4 mm is adopted to evaluate the deviation of stability charts occurred at the spindle speed between 8000 and 10000 rpm. It can be seen from Figure 6 that the stability lobes obtained 
using the analytical method indicated that the milling system would be unstable under this condition. However, an opposite result is gained by the proposed method. In order to check the two different results further, cutting experiment and time domain simulation are conducted simultaneously. As observed in graphs from B2-1 to B2-4 of Figure 6 , this test proves the instability for this cutting condition as well as the time domain simulation. The previous experiments indicate that
(1) the proposed method is effective in stability prediction for uniform or variable pitch cutter;
(2) for variable pitch cutters, the analytical method does result in a loss of precision in some region of stability lobes for variable pitch cutters. However, this case may be avoided for the proposed method.
Stability Chart Trends of Applying Cutter with Different Tool Geometries
Tool geometries have deep influence on the stability prediction for end milling. At a prescribed cutting speed range, tool geometries can be optimized to maximize stability limits against chatter for variable pitch cutter. Here, the stability trends are investigated as a function of tooth pitch variation, radial immersion ratios, number of teeth, and helix angle. Two types of tooth pitch variation presented in [21, 22] are adopted. They can be expressed as follows: 
alternating pitch variation (APV):
linear pitch variation (LPV):
To express the varying strength of pitch for a variable pitch cutter, considering (29) and (30), variation factor V is define as
In the following simulation, the modal parameters and cutting force coefficients applied were from the works of Altintas et al. [9] . Note that authors assume that such parameters do not vary with the changes in tool geometries.
For alternating variable pitch cutter, Figure 7 gives the concerned illustration for four different V , that is, 0, 0.222 and 0.333. It can be seen that with increasing V , larger maximum stability limits can be obtained, especially in high spindle speed domain. Meanwhile, the location of stability lobes move to the high speed domain, and the spindle speed corresponding to the maximum stability limits seemingly move to the opposite direction. This means that the policy to obtain maximum stability limits at a prescribed cutting speed range through adjusting V is feasible. For linear variable pitch cutter, it can be seen from Figure 8 that the enlargement of V could result in a significant improvement for absolute stability limit, especially for low speeds domain. However, the effect of V on the stability gain becomes weaker and weaker when it is achieved to a relatively large level. In addition, while the minimum stability limits increase almost by 100%, the maximum stability limits decrease severely. This finding may indicate that such variation increases the stability gain at the expense of maximum stability limits. Thus, LPV is only an effect method for highabsolute stability limit.
At the fixed V and for linear pitch variation cutter, as the small number of teeth is adopted, the absolute stability limits and stability area decrease evidently as shown in Figure 9 . This means that although more number of teeth means bigger material removal rate (MRR) in general, the bigger MRR still can be obtained by fewer teeth due to the obvious effect of number of teeth on stability prediction for variable pitch cutter. Meanwhile, it can be observed that the location of stability lobes also moves to the left of the stability lobes diagram following the increase of number of teeth. Figure 10 shows that at the fixed V and , the difference among stability lobes caused by helix angles is slight expect for spindle speed around 8000-9000 rpm, in which the maximum stability limits decrease, and this trend becomes severer and severer following the increasing . It is worth noting that this is a specific phenomenon to variable pitch cutter, while no difference occurs for regular cutter as helix angle changes in high radial immersion.
Conclusions
In this paper, an improved algorithm for predicting the stability lobes of milling process with variable pitch cutter is presented. First, a straightforward analytical force model considering three piecewise continuous regions of the cutting for either uniform pitch cutter or variable pitch cutter is derived by integral relationship. Second, based on the cutting force modal mentioned above, the system governing equation of the milling process is obtained and solved by an updated SD algorithm. Experimental tests and time domain simulations are conducted to demonstrate the validation of the proposed method. Finally, research attention is paid on the influence of the tool geometries, for example, alternating pitch variation, linear pitch variation, the number of teeth, and helix angles on the stability trends in high radial immersion for variable pitch cutter milling. The following conclusions are achieved.
(1) The proposed method is effective for predicting stability lobes of milling process with either uniform or variable pitch cutter.
(2) Analytical method does result in a loss of precision in some region of stability lobes for variable pitch cutter. However, this case may be avoided for the proposed method.
(3) APV is a preferable policy to modify the tool design to look for the highest stability limits at a prescribed cutting speed range. For LPV, it is an effective method to increase the absolute stability limits in milling process.
(4) The increasing number of teeth would lead to evident stability limits decrease and the movement of stability lobes to the lower speed domain. Compared the uniform pitch cutter [21] , the effect of number of teeth on stability prediction is more obvious for variable pitch cutter.
(5) The helix angle has a great influence on the stability limits for variable pitch cutters. This result is quite different from that for uniform pitch cutter. This means that optimizing helix angle of variable pitch cutter to improve stability limits leads to significant results.
